A strongly correlated electron system in the line of the recently proposed generalized Hubberd models as candidates for high T c -superconductors is considered. The model along with a whole class of such systems are shown to be completely integrable with explicit quantum R-matrices and the Lax operators. Inspite of novelties in the Bethe ansatz solution, the results do not deviate much from that of the standard Hubberd model and confirms the Luttinger like behavior of spin-charge separation. However, the symmetry of the model is changed to a recently discovered twisted Yangian symmetry.
Introduction
Some unusual but universal behavior of interacting fermion systems, especially in two dimensions, named as the Luttinger liquid theory [1] is supposed to be the basis for the high T c -superconductivity. Most significant among such properties is the separation of charge and spin degrees of freedom. Thus the charges of electrons are given to the pseudoparticle modes holons with charge but without spins, while the spins are given to the spinons with spins but without any charge [2] . These are many-body collective modes with strong nonperturbative nature and unlike the quasiparticles of usual Fermi liquids, which in the limit of vanishing interactions map into the free electrons, they can not exist without many-body interactions. Such characteristic behavior of Luttinger liquid however is more common in one dimension and can be observed explicitly in Bethe ansatz solvable correlated electron models like Hubberd model [3] . Due to the similarity between low-energy behaviors of one and two-dimensional systems related to the Luttinger liquid properties, the investigation of correlated electron systems (CES) in one-dimension have become immensely important [3, 4, 5] .
Though the study of the standard Hubberd model itself was identified to be promising [6] , more general models including higher nonlinear interactions with correlated hopping are being proposed [7] , [8] , [9] for better description of the Cooprate superconductors. Such generalized models may be given by the effective one-band Hamiltonian [9] 
where σ = ± signify up and down spin projections. Notice that apart from the standard Hubberd interaction given by the double occupancy term H U = U i n i(+) n i(−) and the free hopping, the model contains additional interacting terms influencing hopping, included from physical considerations. These are Hirsch-like interaction advocating hole-superconductivity [7] and a higher nonlinear interaction involving different sites. It is important to note that, though in general the model can not be solved analytically, at t AB = 0 it acquires a special symmetry : [H U , H] = 0, using which and considering alsp the restriction t BB = −t AA some exact results were obtained in [8] and [9] . However, even for this restrictive choice of parameters in one dimension, the model does not exhibit complete integrability and is not Bethe ansatz solvable. It is also not clear if there exist any other parameter values except those for the Hubberd model, for which (1.1) could be integrable.
Our aim therefore is to investigate such a model with nearest-neighbor coupling by keeping all the additional terms and show that for particular but nontrivial choice of all parameters the model becomes exactly solvable by the Bethe ansatz, though its formulation shows unusual features possibly not observed before. However, the Bethe ansatz results confirm the Luttinger liquid behavior of the generalized Hubberd model we consider and also not much deviation from the standard Hubberd model. Nevertheless, it exhibits a new type of symmetry discovered very recently, namely the twisted Yangian symmetry at the infinite chain limit. Moreover, the model along with a whole class of it belong to the completely integrable quantum systems with infinite number of conservation laws. The associated quantum R-matrix and the Lax operators satisfying the Yang-Baxter equation can be extracted in the explicit form, which are found to be intimately connected with those of the Hubberd model. We consider the model of the form (1.1) given by the Hamiltonian
where we scale the coupling constants by putting t AA = 1 and parameterize them through a single constant η as t
. Note that unlike (1.1) here the coupling constants are different for up and down spins. Using the fermionic property (n j(±) ) 2 = n j(±) , it is convenient to rewrite Hamiltonian (1.2) with our choice of parameters in the form
(1.3) We show below that the eigenvalue problem of the model can be solved exactly by using the coordinate formulation of the Bethe ansatz. Though this method proposed first by Bethe [10] has been applied since to a number of models and by now has become almost an algorithmized problem, the present model shows surprises in its Bethe ansatz solution.
This subtle feature is manifested already in the simple two-particle case, if we consider the wave function involving one up and one down-spin electrons created respectively at the lattice points x 1 and x 2 . We have to distinguish naturally between the state ψ (+−) (x 1 , x 2 ) in the sector x 1 < x 2 , i.e when the up-spin is created left to the down-spin and the state ψ (−+) (x 1 , x 2 ) in x 1 > x 2 with the up-spin to the right of the down-spin. Since the interactions are short-ranged appearing only for the opposite spins occupying the same or the nearest-neighbor sites, all interactions naturally vanish when spins are placed well apart.
Note that for x 2 = x 1 ± 1 the interactions of the hopping terms given only through the coupling constant η come into play, while for x 2 = x 1 both interactions involving hopping terms with parameter η as well as the Coulomb term with coefficient U become active. On the other hand, for x 1 , x 2 far apart the wave functions ψ (ab) (x 1 , x 2 ), ab = +−, −+, should satisfy free Schrödinger equations. Since the same solution must hold for all these equations, the eigenfunctions should be compatible at the limiting values. However, the curiosity arises when one tries to find a consistent solution for this set of equations. Usually, the left: ψ (+−) (x 1 , x 2 ) and the right: ψ (−+) (x 1 , x 2 ) wave functions are expected to coincide at the limit x 2 → x 1 , giving the value of the function at the coinciding point x 1 = x 2 . However, in the present model the consistency demands that the limiting functions must have a non-coinciding phase jump: 4) whereas the functions at the coinciding points exhibit the usual property:
. This unusual anyonic type feature can be understood also at the operator level, which will be demonstrated below. Other conditions of consistency yield the equations like
Using the unusual limiting relations (1.4) at the coinciding points along with the usual ones like
, all the terms within the curly brackets in (1.5) vanish simplifying it to the Bethe equation 6) where the function at coinciding points ψ (+−) (x, x)e −iη is replaced by its limiting value ψ (+−) (x 1 → x, x) using (1.4). A similar equation is also obtained for ψ (+−) . As we see, the anomalous limiting condition (1.4) plays a crucial role in determining the Bethe equations for the present model.
Pursuing the standard Bethe ansatz technique with the ansatz for the wave functions as
one gets the energy eigenvalue as E = −2(cos p 1 +cos p 2 ). We re-emphasize the subtle point of the Bethe ansatz, which becomes important in the present case due to the peculiarity of the wave functions. Observe that the wave functions ψ (+−) , ψ
given by (1.7) are defined in the sectors with x 1 = x 2 . Therefore, at coinciding points one has to consider only the limiting values of (1.7), which due to (1.4) suffer jump in the phase:
Using equations (1.6), (1.8) and the ansatz (1.7) one gets the two-particle scattering matrix as It is crucial to note that the S-matrix (1.9) satisfies the well known Yang-Baxter equation (1.11) representing the factorizability condition for the many-particle scattering into the two-particle ones. This enables us to solve the general N-body problem through the Bethe ansatz, when the state corresponds to the presence of total number of N electrons with M down-spin electrons. Each pseudoparticle scattering through the rest and returning to its original position would generate a string of S-matrices (1.9) in the factorized form. On the other hand, for a closed chain with the periodic boundary condition this would be equivalent to the shift operator over the total number of lattice sites N a . Diagonalizing this relation, as seen from (1.9) one gets 12) along with the relations
for determining the other set of parameters. Note that all excitation modes of the system have been separated out into charge and spin rapidities p j (q j ), j = 1, 2, . . . , N and λ α (ρ α ), α = 1, 2, . . . , M, respectively, where q j = 2π Na I j and ρ α = 2π Na J α are expressed through two independent sets of quantum numbers I j and J α . All observable like total energy, momentum, spin etc. are expressed at the thermodynamic limit through the functions only of p(q) and λ(ρ). The separation of charge-spin degrees of freedom exposes the Luttinger liquid behavior of the present model.
Comparing (1.12), (1.13) with the Bethe ansatz results of the Hubberd model [11] we come to the crucial conclusion that, though our generalization differs considerably from the standard Hubberd model due to the inclusion of various interacting terms, the eigenvalue results do not show significant change. The difference appears only as some additional phases involving coupling constant η and the pseudoparticle numbers N or M. As a result, shifts with 2η M Na and 2η N Na appear in the determining equations for p(q) and λ(ρ) at the thermodynamic limit. Such a phase change with parameter η is like the seam effect in the 6-vertex model inducing change in the central charge of its corresponding CFT model [22] .
Interestingly, for our choice of the coupling constants, the model not only becomes Bethe ansatz solvable, as we have seen above, but also turns out to be a completely integrable quantum system with higher conservation laws. Moreover, the quantum R(η, λ, µ)-matrix and the Lax operator L(η, λ) associated with this system can be obtained in the explicit form from those of the original Hubberd model [14] by a twisting transformation: (1.14) where the twist operator is given by
and the 16 × 16-matrix F σ (η) is its fundamental representation with n (±) → 1 2
(1 + σ 3 (±) ). Another important question is to study the effect of the additional terms is changing the symmetry of the model. It is well known that the Hubberd model exhibits a Yangian symmetry in the infinite chain limit [12] , [13] . It is therefore intriguing to ask whether the present generalization destroys the original symmetry completely or deforms it to another one. The origin of the Yangian symmetry in the Hubberd model is the rational R-matrix of the XXX spin chain embedded in it, which gets associated with the algebra of the monodromy matrix at the infinite interval [13] . The corresponding rational R-matrix here is its twisted version (1.9), which gives the present model a new type of twisted Yangian symmetry, discovered recently [15, 16] . The expansion of the monodromy matrix:
αβ n of the infinite dimensional twisted Yangian algebra, defining relations of which are given in explicit form in [15] . We can find a realization of this algebra through the fermionic operators by expressing first the generators as Therefore using the well known Yangian representation for the Hubberd model [12] involving c † j(±) , c j(±) and n j(±) = c † j(±) c j(±) , along with additional expressions 17) we can obtain an exact representation of the twisted Yangian in fermion operators.
In the line of [12] , it can be shown now by direct check that the Hamiltonian (1.3) for infinite chain commutes with the generators of this twisted algebra along with a complementary set of such generators at η → −η, obtained by replacing Finally we mention about a possibility of extending the present model to an oneparameter family of integrable models by introducing an additional coupling constant g in the form
+ Un j(+) n j(−) + h.c., (1.19) which reduces to H η (1.3) at g = 0 and generates at g = ±η new type of model like
Note that these models are different from those proposed in [5] or [21] . Remarkably, though the coupling constants in (1.19) are given as combinations of η ± g, the eigenvalues as well as the scattering matrix remain independent of the parameter g. This family of models producing the same Bethe ansatz results and sharing the same symmetry can be represented by the R-matrices and the Lax operators, which may be obtained from those with g = 0 through a simple gauge transformation
by the operator A ij = e ig(n i(−) n i(+) +n j(+) n j(−) ) . The present study of the generalized Hubberd model shows that the additional terms introduced recently due to their relevance in superconductivity, retains its integrability in one dimension and nearest-neighbor coupling with all nontrivial though particular choice of parameters. In fact, for a change of operator variables as 
etc. We have witnessed the reflection of this intriguing feature in the Bethe ansatz procedure with the wave functions suffering jump in the phase at the boundaries of two different sectors. Usually for carrying out the Bethe ansatz, the matching condition of the wave functions at the boundaries is considered to be an essential requirement. However, the present model implementing successfully the Bethe ansatz without this limitation suggests for its relaxation. Evidently it should be more natural to demand only the matching of the modulus of the wave functions. Inspite of many nontrivialities involved in the generalized model, the final results of the Bethe ansatz surprisingly do not differ much from the original Hubberd model, apart from some symmetry change. This effect is like putting the corresponding vertex model in vertical and horizontal electric fields, which spoil the invariance of Boltzmann weights under inversion of all arrows, as in the asymmetric 6-vertex models [17] or in the Dzyaloshinsky-Moriya interaction [18] . Only in the present model the fields are not external but caused by the interaction of different kinds of bonds. As a result, contrary to the twisted Heisenberg spin chain [20] or the Hubberd model with Ahronov-Bhom period [21] , such interactions can not be absorbed in the boundary conditions. Nevertheless, their influence in the effective period [21] as well as in the finite temperature behavior [19] and the related conformal properties [22] , [23] , [24] would be worth studying. The original Yangian symmetry of the Hubberd model is deformed to the twisted Yangian symmetry, while the quantum R-matrix, Lax operators etc. are related through twisting transformation, which is different from a normal gauge transformation.
Details of these results will be published elsewhere. The author thanks Dr. Indrani Bose for valuable discussions.
